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1. Introduction 

A non-crossing tree (NC-tree for short) is a tree drawn on n points in {1, 2, • • • , n} numbered 
in counterclockwise order on a circle such that the edges lie entirely within the circle and 
do not cross. Non-crossing trees have been investigated by Chen and Yan [1], Deutsch and 
Noy [3], Flajolet and Noy [5], Cu, et al. [5], Hough [6], Noy [8], Panholzer and Prodinger 
[9]. Recently, some problems of pattern avoidance in NC-trees have been studied by Sun and 
Wang |13j . It is well known that the set of NC-trees with n + 1 vertices is counted by the 
generahzed Catalan number 2^(^n) HD A001764]. 

A generalized non-crossing tree (CNC-tree for short) is a modified NC-tree such that the 
labels are weakly increasing in counterclockwise order and if j > 1 is a label then all 1 < i < j 
are also labels. See Figure [2] for example. 

In the sequel, we are concerned with the rooted GNC-trees such that the first 1 is the root. 
Let GNC„ denote the set of rooted GNC-trees of n-|- 1 vertices. It is easy to prove that GNC„, 
is counted by |GNC„| = 2n+i ^n) ffD listed], for a bar can be or not be inserted into any 
position between i and i + \ for 1 < i < n in an NC-tree of n -|- 1 points and assume that one 
bar always appears in the position between n + \ and 1, then relabel the numbers between 
any two bars in a proper way to form a GNC-tree. 

A descent (an ascent, a level) is an edge {i,j) such that i > j {i < j,i = j) and i is on the 
path from the root to the vertex j. If encoding an ascent by u, a level by h and a descent 
by d, then each path in a GNC-tree can be represented by a ternary word on {n, h, d} by 
viewing from the root. In analogy with the well-established permutation patterns |10l I14j . 
we propose a definition of patterns in GNC-trees. 

Definition 1.1. Let w = wiW2 ■ ■ ■ Wn and a = <ti(T2 ■ ■ .c^k be two ternary words on {u, h, d}. 
Then w contains the pattern a if it has a subword ■ ■ ■ iL'i+fc egua/ to a for some 

< i < n — k; otherwise w is called a-avoiding. A GNC-tree T is called a-avoiding ifT has 
no subpath (viewing from the root) encoded by a. 



^Corresponding author; Yidong Sun, sydmath@yahoo.com.cn. 
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Let Vk denote the set of ternary words of length k on {u, h, d}. For any a £ V^i let GNC™((t) 
denote the set of GNC-trees in GNC„ which contain the pattern a exactly m times. For any 
nonempty subset P C Vk, GNC„(P) denotes the set of GNC-trees in GNC„ which avoid all 
the patterns in P. Analogous to restricted permutations, a counterpart in GNC-trees is the 
following question 

Question 1.2. Determine the cardinalities of GNCn{P) for P C Vk and GNC^{a) for a G Vk- 

In the literature, two kind of special NC-trees have been considered, that is non-crossing 
increasing trees and non-crossing alternating trees. Both of them are counted by the Catalan 
numbers C„ = [III A000108]. A non-crossing increasing (alternating) tree is an NC- 

tree with the vertices on the path from the root 1 to any other vertex appearing in increasing 
(alternating) order. By our notation, a non-crossing increasing tree is just a d-avoiding 
NC-tree and a non-crossing alternating tree is just a {uu, ddj-avoiding NC-tree. Bijections 
between non-crossing alternating trees and Dyck paths have been presented in [T2.j. But for 
GNC-trees, it seems to be thrown little light on this subject. 

In this paper, we deal with several patterns and find the corresponding generating functions 
for GNC-trees. More precisely, we investigate the patterns in Vi in Section 2 and the patterns 
in V2 in Section 3. Lagrange inversion formula is used to obtain the explicit formulas for some 
special cases. Bijection is also established between GNC-trees with special pattern avoidance 
and the little Schroder paths. 



2. The patterns in Vi 

For any T G GNC„, let u(T), h{T), d{T) denote the number of ascents, levels and descents of 
T respectively, then u{T) + h{T) + d{T) = n. Let GNC; be the set of GNC-trees T in GNC^ 
such that T has only one point with label 1, namely only the root has the label 1 and others 
have labels greater than 1. Define 

n>0 TeGNC 

Ky,M = E*'^ E 

n>0 TeGNC* 





Figure 1. Decomposition of GNC-trees. 

Close relations between T^^y^t) and T*^y^^{t) can be established according to the decom- 
position of GNC-trees in Figure [TJ Find the first and minimal label i, denoted by @, of 
T G GNC n in counterclockwise order such that the root 1 and (T) form an edge, then T can 
be partitioned into three parts. 

(i) The case i = j = 1 and k = 1 or 2. Part I and II both avoid the patterns u and d, 
Part III still forms a GNC-tree. Then the edge (1, 1) contributes an yt, each of Part 
I and II contributes To^yfi{t), and Part III contributes T^^y^t). 
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(ii) The case i = 1, j > 2 and k = j or j + 1. Part I avoids the patterns u and d, Part II 
still forms a GNC-tree different from Part I. Then the edge (1, 1) contributes an yt, 
Part I contributes TQy Q{t) and Part II contributes Tx^y^t) — TQ^y^Q{t). For Part III, 
except for the one point case, decreasing all the labels (excluding the root), by j — 2 
units (if k = j) or j — 1 units {if k = j + 1), one can obtain two GNC-trees in GNC* 
for some n>l. Then Part III contributes 2T*y^{t) — 1. 

(iii) The case i > 2,j > i and k = j or j + 1. The edge (1,@) contributes an xt. Note 
that the ascents and descents are exchanged in Part I, and the labels are lying in 
{1,2,..., i} or {2, 3, ... , i}, so Part I contributes 2Tz^y^x{'t) — To^y^o{t) for i > 2. Part 
II still forms a GNC-tree after reducing the labels {z, . . . , j} to {1, • • • , j — i + 1}, so 
Part II contributes Tx^y^t). Similar to (ii), Part III contributes 2T*^y .z{t) — 1. 

Summarizing these, we have 

Tx,y,z{t) = I + ytTo^y^oitfTx^y^t) 

(2.1) + ytTo,y,o{t){Tx,yAt) - To,y,o{t)]{2Tly^M " l} 

+ xtTx,y,z{t)[2T,,yAt) - ro,y,o(t)}{2r*,,,(t) - l}. 
For any T E GNC* , by the similar decomposition, one can derive that 

(2.2) T*,,,(t) = 1 + xtTx,yAt)Tz,yAt){^Tly^z{t) - l}- 
Solve (j2.2p for T*^y^^{t) and substitute it into (j2.ip . one can get 

Tx,y,zit) = 1 - ytTo^y^o{t)'^ - xtTx^y,z{t)To^yfi{t) + ytTo^y^ 

it){ 1 + 2o,y,o(i)|21',j/,^(i) 

(2.3) + 2xi{l - ytTo,y,o{tf}Tx,y,z{tfT,,y,x{i)- 
Let X = z = 0, ()2.3p reduces to 

(2.4) To,y,o{t) = l + ytTo,y,o{tf. 

Multiplying by To^y^o{t) in both side of (|2.3p and using ()2.4p . after some routine computations, 
one can deduce that 

(2.5) Tx,y,z{t) = l + {y-x)tTo,y,o{tfTx,y,z{t)+2xtTx,y,z{t)^T,,y,x{t)- 

Solve (|2.5p for Tx^y^t), we have 

1 - (y - x)tro,y,o(t)2 - ^{l - (y - 2;)tro,j,,o(t)2)2 - SxtT,^y^x{t) 



^x,y,z (i) 



(2-6) = , TTv^Ci 



AxtT,^y,x{t) 
2xtTzyx (i) 



1 - (y - x)tTo,j,,o(i)2 (1 - (y - x)tTo,y,o{t)^y 



where C{t) = ^ is the generating function for Catalan numbers. 

Exchanging x and z in (j2.6p . one can obtain Tz^y^x{t), and then substitute it into (j2.6p . one 
has the following proposition. 

Proposition 2.1. T/ie generating functions Tx^y^z{t) for GNC-trees satisfies 

Tx,y,z{t) = aC{2xta^pC{2ztp^Tx,y,zit))), 
'^'^^'^^ " = i-(y-x)tro,,,o(t)^ "''^ ^ = i-(j/-^)tro,,,oW^ • 

By Lagrange inversion formula and some series expansions, one can obtain the coefficients of 
t" of Tx,y,z{t), but it seems to be somewhat complicated. Now we will consider several special 
cases which lead to interesting results. 
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2.1. n-avoiding GNC-trees. Note that TQ^y^^it) is the generating function for GNC-trees 
with no ascent. Let x = in (12. 5D. one can find 



To,y,z{t) = l + ytTo^y^o{tfTo^y,z{t), 
from which, together with (j2.4p . using Lagrange inversion formula, one can deduce that 

In fact, the above relation can be easily derived from the definition of GNC-tree, for a 
It-avoiding GNC-tree must also avoid the pattern d, such GNC-trees can be obtained by 
changing each label of the underlying NC-trees to the label 1. 

2.2. /i-avoiding GNC-trees. Note that Txfl^z{t) is the generating function for GNC-trees 
with no level. Let y = in (j2.4p and (|2.5p . one can find 



Txfi,z{^) = 1 - xtTxfl,z{t) + 2xtTxfi,z{tfTzfi,x{t), 

which, when x = z = 1, generates 

ri,o,i(i) = l-m,o,i(t) + 2tTi,o,i(t)2. 

Let A = Ti_o,i(*) — 1) then A = A)(2(l -|- A)^ — 1), using Lagrange inversion formula [15], 
one can deduce for n > 1 that 

[r]ri,o,i(t) = nA = i[A"-i](l + A)"(2(l + A)2-l)'^ 



- V(-l)"~^ f 2nA"-il(l + A)"+2i 
n ^-^ \i j 



Hence we have 

Theorem 2.2. The set of h- avoiding GNC-trees ofn + 1 points is counted by 

2* /3i\ fn + 



IGNC 



1=0 



3i 



This sequence beginning with 1, 1, 5, 31, 217, 1637, 12985 is not listed in Sloane's |llj . 

2.3. d-avoiding GNC-trees. Note that Tx^yfi{t) is the generating function for GNC-trees 
with no descent. Let z = in ()2.6p . we can find 

1 2xtTo^y,x{t) . 



Tx,y,o{t) - 7- JTvi'^^ 



1 - (y - x)tTo,j,,o(t)2 \l-{y- x)tTo,y,oitW 
(2.7) = ' , ,, Ci 2xtro,,o(2/t) 



1 - (y - x)tTo,i,o(yt)2 \l-{y- x)tTo,ifl{yt?f" 
where we use the relation T^^y^xit) = TQ^y^Q{t) = TQ^ifi{yt). 
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Case i. Let x = y = 1 in (|2.7p . one gets 

ri,i,o(t) = c(2tro,i,o(t)). 

Taking the coefficient t" of Ti^i_o(t), one gets 

[nT^i,i,o(t) = [e]c{2tTo,i,oit)) = [nY,'^'Cit%^iflity 

i>0 



j>0 j>0 



Hence we have 

Theorem 2.3. The set of d- avoiding GNC-trees of n + 1 points is counted by 

i+j=n 

This sequence beginning with 1,2, 10,62,424,3070 is not hsted in Sloane's |llj . 

Case ii. Let y = 1 in ([221), by one gets 

ro,i,o(t) ^, 2xtTo,i,o{tf , 



ta;,l,0 



i + xtro,i,o(t)3 '(i + xtro,i,o(t)3)2^' 



Taking the coefficient f^x of Ta;^i^o(*)) one gets 



i + xro,i,o(t)3 ^(i + xro,i,o(t)3)2^ 
2^Q(-i)^- + J) [r-']ro,i,o(t)^+2^+^ 



1=0 



\-(_l)k-i (k + A fc + 2i + 1 /3n - 2A; + 2i + 1\ 
^ \k-ij ^n-2k + 2i + l\ n-k J 



i=0 



Hence we have 



Theorem 2.4. The set of d- avoiding GNC-trees ofn + 1 points with k ascents is counted by 

\-(_l)k-^ A + A k + 2i + l /3n - 2A: + 2i + 1\ 
' U- J3n-2/c + 2i + l V n-k I 



Case iii. Let x = l,y = in (12. 7p . using Tofi^it) = To^i^o(O) = 1, one gets 
T m ^ r^' l + t-Vl-6t + t2 

Wi) - YT7^^(rT7F^" 4^ ' 

which is the generating function for httle Schroder paths. A little Schroder path of length 
2n is a lattice path in the first quadrant going from (0, 0) to (2n, 0) consisting of up steps 
U = (1,1), down steps D = (1,-1) and horizontal steps H^Hr = (2,0) with no horizontal 
step at the x-axis. Let denote the set of little Schroder paths of length 2n which is 
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counted by the nth httle Schroder number A001003], whose generating function is 

R{t) = i+t-Vi-at+f^ Hence we have 

Theorem 2.5. The set of {h,d}- avoiding (i.e. increasing) GNC-trees of n -\- \ points is 
counted by the nth little Schroder numbers. In other words, there exists a bijection between 
GNCn{h,d) andMn- 

Proof. Read any {/i, dj-avoiding GNC-tree of n + 1 points in preorder, denote an ascent {i,j) 
by U if it is read in the first time and not fohowing another ascent Denote an ascent 

(i, j) by Hi if it is read in the second time and fohowed by another ascent (i, j) which is then 
denoted by Hr] Denote an ascent (i, j) by D if it is read in the second time and not followed 
by another ascent (i, j). Then we can get a little Schroder of length 2n. The above procedure 
is clearly invertible, see Figure [2j □ 




3. The patterns in V2 
Let GNC* (cr) be the set of a-avoiding GNC-trees T in GNC* with a £ V2- Define 

n>0 r6GNC„(cr) 
n>0 TeGNC*((T) 

In this section, we will deal with the patterns uu, dd, ud and du, the others can be investigated 
similarly. 

3.1. The patterns uu and dd. Close relations between T^y^{t) and T*'^\{t) can be estab- 
lished according to the decomposition of GNC-trees in Figure [H 

(i) The case i = j = 1 and A; = 1 or 2. Part I and II both avoid the patterns u and d, 
Part III still forms a uu-avoiding GNC-tree. Then the edge (1, 1) contributes an yt, 
each of Part I and II contributes To^y^o (t) > and Part III contributes T^^^^ (t) . 
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(ii) The case i = 1, j > 2 and k = j or Part I avoids the patterns u and d, Part II still 
forms a iiu-avoiding GNC-tree different from Part I. Then the edge (1, 1) contributes 
an yt, Part I contributes TQ^y Q{t) and Part II contributes T^^ .,{t) — TQyfi{t). For 
Part III, except for the one point case, decreasing all the labels (excluding the root), 
by J — 2 units if A; = j or j — 1 units if k = j + 1, one can obtain two nn-avoiding 
GNC-trees in GNC;(titi) for some n > 1. Then Part III contributes 2T*'^^^^{t) - 1. 

(iii) The case i > 2, j > i and k = j or j -\- 1. The edge (1,®) contributes an xt. Note 
that the ascents and descents are exchanged in Part I, and the labels are lying in 
{1, 2, ... , i} or {2, 3, ... , i}, so Part I contributes 2T^^ ,^{t)-To^y^o{t). But Part II can 
not begin with a u edge, i.e., all edges (if exist) starting form are h edges, so we 
should further partition Part II into three parts, by finding the last i, denoted by i* , 
in counterclockwise order such that (®,i*) is an h edge which contributes an yt, see 
Figure [3j Clearly, Part IIi and II2 both contribute TQ^y^Q{t), and Part II3 contributes 
Tx^,z{^)- Similar to (ii). Part III contributes 2T*l'^^{t) - 1. 




Figure 3. The decomposition of Part II in (iii). 
Summarizing these, we have 

TZAt) = i + ytTo,y,oitfT^lAt)+ ytro,,,o(t){T,",^,,(t)-ro,,,o(t)}{2r-«(t)-i} 

(3.1) + ^i{2Tf^,,.(t) - To,,,o(t)}{l + ytn,y,o{tfT:iM}{'^T*2M - l}- 
For any T £ GNC* (nn), by the similar decomposition, one can easily derive that 

(3.2) r,X(t) = 1 + xtrf^,,(t){l + ytTo,y,o{tfT^lM}{'2Tly,M - l}. 

Similarly, for the pattern dd, close relations between T^^y z{t) and T*^^^^{t) can be established 
according to the decomposition of GNC-trees in Figure [H the details are omitted. 

T^yA^) = 1 + ytTo,y,o{tfT^iM + ytTo,y,oit){T^iM " To,,,o(t)}{2r;f ,(t) - l} 

(3.3) + xt{2T^j;.,{t) - n,y,o{t)}T^iAt){'^T:f^M - l], 

(3.4) r;f ,(t) = 1 + xtr,^«,(t)r,^,^,,,(t){2r;f ,(t) - 1}. 

Solve (I22D for T*^'^^{t) and ([331) for T*^y%{t), and then substitute them respectively into ([HTl) 
and (j3.3p . after some simplifications, one can get 

(3.5) T™,(t) = {l-xtTo,y,oitf+2xtT^l,{t)T^;l^,{t)}{l + ytn^^^^ 

(3.6) T^^y^M = i + (y-x)tTo,,,o(t)2rj',l,(t) + 2xtrj;'^,,,(t)2r«^,,(t). 

Let x = y = z = lin (|3.5|) and (|3.6|) , we have 
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Proposition 3.1. The generating functions for uu-avoiding and dd-avoiding GNC-trees are 
determined respectively by 

Triiit) = {l - tToMtf + 2tTri,it)Tfi,{t)]{l + tTo,i,oit?T^liit)], 

T^^^^it) = l + 2tTfl^{tfT^l^{t). 

When X = z = l,y = 0, by To^o,o(*) = 1) (|3-5p and (|3.6p generate 

= i-t + 2tri7,i(t)rfo,i(i), 

T,%{t) = l-tT,%{t) + 2tT,%{tfTri,{t), 
from which, one can deduce that 

1-t 



^^•^^ " i-2tT,%ity 

(3.8) T,%{t) = l-3tTfo,i(t) + 4trfo,iW'- 

From (j3.7p and (j3.8p . one can get 



rro,i(*) 



1 + 3t - v^(l + 3t)2 - I6t 



8t 



l + 3t \l + 3ty' ^(l + 3t)2^+i 

5;4^C.f^(-l)^(^^ + ^')3^V 

i>0 j>o \ J / 



n>0 j=0 



f/l = = 3-3^- V(l + 3t)2-16t 

^ 1,0,1 W i-2tT^l^{t) 2 

3(1 -t)- v^(l - t)2 - 8t(l - t) 
~ 2 

2t . . . ^ 2^+2Ci+it^+2 



l-t + 2tC(^) = l + i + ^ — 



i>0 



(1-t) 



i+1 



l+t + 5]r+'X^(")2'+2C.+i. 

n>0 j=0 ^ ^ 



Hence we obtain 



Theorem 3.2. T/ie seis GNCn+2iuu,h) of {uu,h}- avoiding GNC-trees and GNCn{dd,h) of 
{dd,h} -avoiding GNC-trees are counted respectively by 

\GNCn+2{uu,h)\ = Y,('')2'+^Ci+i, ([m not hsted]), 

i=o 

\GNCnidd,h)\ = ^(-l)^Y^''r-^')3-'4"-^C„_j, ([m A059231]). 

Remark 3.3. Coker [2j proved that Tf'^]^{t) is also the generating function for the 
set of different lattice paths running from (0,0) to (2n,0) using steps from S = {{k,±k) : 
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k positive integer} that never go below x-axis, and provided several different expressions for 
{S'nl- One can be asked to find a bisection between Sin o-nd GNCn{dd,h). 



3.2. The patterns ud and du. Similar to Subsection 3.1, close relations between T^y^it) 
and and between T^^y .^{t) and T*'^y .^{t), can be derived according to the decompo- 

sition of GNC-trees, see in Figured! but the details are omitted. 



= 1 + ytn,yMT:izit) + ytn,yfl{t){T^iAt) - To,,,o(t)}{2T™'^(t) - l} 

(3.9) + xtT^^y^,{t)[l + ytn,y^,{tf{2T^l,{t) - ro,,,o(t)}}{2T-^(t) - l}, 

(3.iar*",:^(t) = 1 + xtT^'y^M{^ + ytT,,yMT^lM][2T:i'^,{t) - l}, 

T^ilAt) = 1 + ytT,,ydt?T^lz{t) + ytT,,ydt){T^lAt) - ^o,,,o(t)}{2T;,t:^(t) - 1} 

(3.11) + xtTiiM{^T^iAt) - n,y,^{t)}{2T;f^M - 1}, 

(3.i2r*,tW = i + x<".,.W^"',xW{2r*tW-i}- 



Solve (I330|) for T*^y%{t) and l^3J2h for T*^^.^{t), and then substitute them respectively into 
(j3.9p and (j3.1ip . after some simplifications, one can get 



(3.13) r,",^,,(t) = 1 + iy- x)tn,y,o{tfT^iM + 2xtTi^'yJtf[l + ytTo,y,o{tfT^lAt)} , 

(3.14) r^«,,(t) = l + {y- x)tTo,y,oitfT.^lM + 2xtT^lM^T^iAt)- 



Let x = y = z = lin (j3.13p and (|3.14p . we have 

Proposition 3.4. The generating functions for ud-avoiding and du-avoiding GNC-trees are 
given by 



T^Ut) = l + 2tTl^l,{t){l + tTo,i,o{tfTtX,it)}, 
Ttl,{t) = l + 2tTtl,{tfT^i,{t). 

When X = z = 1, y = 0, by ro,o,o(i) = 1, (l3l^ and (l3l^ generate 



Titi(t) = l-^^ltl(^) + 2^^ltl(^)^ 

Ttl^,{t) = l-tTtl,{t) + 2tTtl,{tfT^f,^,{t), 
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from which, one can deduce that 



it 1 + t + 



l+t- y^(l +t)2 - ^tR{t) 
4ti?(t) 

1 2tR{t) _ ^ 2^CiR{tyf 



i>0 

Z.(l + i)3mt^^(l + t)2ii 



n>0 i+j+fc=n ^ ^ 



Hence we have 



Theorem 3.5. The set GNCn{ud,h) of {ud,h} -avoiding GNC-trees is counted by the nth 
little Schroder number, and the set GNCn{du,h) of {du,h}- avoiding GNC-trees is counted by 

^3i + 2j + k\ i (2j + i^ 



This sequence beginning with 1, 1, 5, 27, 157, 957, 6025 is not hsted in 

3.3. The pattern {uu,dd}. Now we consider the pattern {uu,dd}, let P = {uu,dd}, ac- 
cording to the decomposition of GNC-trees, relations between T^y .^{t) and T*^ .,{t) can be 
derived, the details are omitted. 

T^yA^) = 1 + ytro,j,,o(t)2r4,(t) + ytro,,,o(t){r4,(t) - ro,,,o(t)}{2r*i;_,(t) - 1} 

+ xt{2r4,(t) - To,^,o(t)}{l + ytTo,y,o{tfTly^M]{^T*^^z{t) " l}, 

nizit) = i + :Etr4,(t){i + ytro,,,o(t)'r4.(t)}{2r*^,,(t)-i}, 

from which, one can get 

(3.15) r4,(t) = {1 + ytro,,,o(i)'r4,(t)}{i - xtro,,,o(t)' + 2xtr4,(i)r4,(i)}. 

Let x = y = 2: = lin (j3.15p . one has 

Proposition 3.6. The generating function for {uu,dd}- avoiding GNC-trees is given by 

Tf,i,At) = {i + tro,i,o(t)2T/;i^i(t)}{i-tTo,i,o(t)2 + 2tr/;i,i(t)2}. 

Let y = in p.l5p . by To^o,o(*) = 1) one can get 

(3.16) Ti^o^^W = l-xt + 2xtT^^,^,{t)Tj^^,^,{t). 
Exchanging x and z in (j3.16p . one has 

(3.17) ri;o,.(t) = l-zt + 2ztTj^^Q^,{t)T[fi,At)- 
From (I3.16P and (13.170 . one can obtain 

Tj^flAt) = l-xt-2{z- x)tTj^^oAt) + 2ztTi;o,,(t)', 



PATTERN AVOIDANCE IN GENERALIZED NON-CROSSING TREES 11 

which leads to 



p 1 + 2(z - x)t - V(l + 2{z - x)tY - Szt{l - xt) 

{<i-^^) ^xfi,z\t) - • 

Setting z = 1 in (j3.18p . one can deduce 

1 + 2(1 - x)t - v^(l + 2(l-x)t)2-8t(l-xt) 
it 

l-xt ^, 2t{l-xt) sr^ 2*Cjt*(l - 3;t)*+i 



l + 2(l-x)t '(l + 2(l-x)t)2' ^ (1 + 2(1 -x)t)2i+i 



n>0 r=0 i+j+k=n 

Setting X = z = 1 in p.lSp . one has 



T^ciW = '"^'^f^'"'^ =(l-t)C(2t(l-t)) 



n>0 2=0 

Hence we have 



E'"E(-i)"-'(r-'>"« 



Theorem 3.7. The number of {uu,dd,h} -avoiding (i.e., alternating) GNC-trees o/ n + 1 
points is given by 

f](-ir-*('t^.)2^a, ([m A068764]). 

Precisely, the number of alternating GNC-trees of n-\- 1 points with exactly r ascents is 

i+j+k=n \ J / \ / \ J/ 

Remark 3.8. When r = 0, then j = and there has no alternating GNC-tree o/n + 1 points 
with exactly r = ascents for n > 1, so we have 



n / -X 



i=0 

which is a special case q = of the Narayana polynomial identity [7j 
When X = —1, z = 1 in (j3.18p . one has 

= l + ^(-l)"+l2"C„t2n+l^ 

n>0 

Then we have 



12 
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Theorem 3.9. The parity of number of alternating GNC-trees of m points according to the 
even or odd number of ascents is zero if m = 2n + 3 and (— 1)""'"^2"C„ if m = 2n + 2 for 
n > 0. 
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